Classifying space techniques are used to solve a smooth version of the classical scissors congruence problem.
1. Introduction. [8] , Let B he the abelian group generated by the set of polygons in the plane, modulo the subgroup generated by elements P -2F,, where PUP, is a subdivision of a polygon P. Any subgroup G of the group of affine motions of the plane acts on B. The problem is to compute the quotient group H0(G; B) of B by the subgroup generated by elements gb -b, with g E G,b E B.
The classical problem
1.2 A smooth version. Our purpose is to state and solve a smooth version of the problem. Instead of polygons transforming under affine maps, we consider smooth curves transforming under diffeomorphisms.
The basic tool is a space M (2.1) whose first singular integral homology group 77, M is a smooth version of the group B. Diffeomorphisms of the plane act on M and hence on 77, M. We employ a slight modification of a standard spectral sequence in our calculations.
1.3 Organization. §2 states the key definitions and results; the major proof is in §3. §4 contains the proof of a lemma, and §5 discusses the spectral sequence.
I would like to thank the referee for suggestions and for a simplification in the proof of Lemma 3.5.
2. Results. We require some definitions. 2.6 Remark. We compare 2.5 with the classical result. Let B (as in 1.1) be the abelian group generated by polygons in the plane, modulo the subgroup generated by subdivisions. Let AGI and ASI denote the group of orientation preserving affine maps of the plane and the subgroup of area and orientation preserving maps, respectively. Then [8] H0(AGl; B) = 0, and area gives an isomorphism A: H0(ASl; B) -R. There is no "winding map".
2.7 Remark. If in Definition 2.1 we glue the intervals (a, b)¡ together using orientation preserving diffeomorphisms «, we obtain a double cover M of M, the one-manifold of C00 oriented nonsingular curves in R2. Recall that a topological category is a small category whose sets of objects and morphisms are topologized such that the structure maps of the category are continuous. The nerve of a topological category is a simplicial space; we use Segal's "thick" realization (denoted || • || in [9, Appendix A]) to produce a classifying space functor | • | from topological categories to topological spaces.
3.1 Definition. Let Ta he the topological category whose space of objects is R2, and whose space of morphisms, denoted T,n, is the space of germs of Cx area and orientation preserving diffeomorphisms of R2, with the sheaf topology. Let D, R: po _, r2 denote the domain and range maps of Ta.
The classifying space | Ta | is the "classifying space for Cx codimension 2 foliation, with a transverse orientation and area form". The spectral sequence is discussed in §5. To apply it to the proof of 2.5 we need two lemmas. The translates ofRby(rß\M), generate the topology of M, so by Theorem 1.2(h) of [1] there is a weak homotopy equivalence BN ^\Ta\M\.
Let us show that tt]BN= Z/2.
Let K be the submonoid of N consisting of elements which preserve the orientation of the line; it is not hard to see that the exact sequence K -» N -> Z/2 gives a homotopy fibration BK -» BN -» BZ/2. Since tt2BZ/2 = 0, 3.5 will follow when we show that 77, BK = 0.
So we show that the homomorphic image of K in any group is trivial. Now K is generated by elements k which are the identity section in some open set U (after [7] , 3.1). But for any U there is an m E K such that m(R) C U; therefore km = m and k must map to the identity of any group. So all of K must map to the identity.
5. The spectral sequence 3.3. There is a spectral sequence for the action of a pseudogroup on a space, constructed in [2], which generalizes the spectral sequence for the action of a group on a space. The case at hand is an example of its application. We sketch the construction.
Let C be the discrete category whose objects are contactible open subsets of R2, with morphisms area and orientation preserving embeddings between open sets. Note that (as in [8, §1] ) there is a weak homotopy equivalence between | C | and | Tß |. Now recall the immersion i: M -» R2. Let Sq denote the complex of abelian group valued functors of C, where for U an open subset of R2, SqU = Sq(i~xU), where Sq is the usual singular ^r-chain functor. The spectral sequence for the complex Sq of functors satisfies 3.3. In particular, Ep0 = 77^ | Ta | because i~lU is connected if U is connected.
